Abstract. This paper considers the problem of steady, boundary layer flow and heat transfer of dusty nanofluid over a stretching surface in the presence of non-uniform heat source/sink and nonlinear thermal radiation with Biot number effect. The base fluid (water) is considered with silver (Ag) nanoparticles along with suspended dust particles. The governing equations in partial form are reduced to a system of non-linear ordinary differential equations using suitable similarity transformations. An effective Runge-Kutta-Fehlberg fourth-fifth order method along with shooting technique is used for the solution. The effects of flow parameters such as nanofluid interaction parameter, magnetic parameter, solid volume fraction parameter, Prandtl number, heat source/sink parameters, radiation parameter, temperature ratio parameter and Biot number on the flow field and heat-transfer characteristics were obtained and are tabulated. Useful discussions were carried out with the help of plotted graphs and tables. Under the limiting cases, comparison with the existing results was made and found to be in good agreement.
Introduction
The problems of boundary layer flow and heat transfer over a stretching surface have many applications in polymer industry, fibre industry, chemical drying, paper production, glass blowing, etc. In all these cases, the quality of the final product depends on the rate of heat transfer at the stretching surface. The heat-transfer analysis of boundary-layer flow with radiation is also important in electrical power generation, astrophysical flows, solar power technology, space vehicle re-entry and other industrial applications. Sakiadis [33] was the first person to present boundary layer flow over a continuous solid surface moving with constant speed. The flow of an incompressible viscous fluid over a linearly stretching sheet has been studied by Crane [5] , who obtained an exact solution for the flow field. Cortell [3] studied the flow of an electrically conducting power-law fluid in the presence of a uniform transverse magnetic field over a stretching sheet. Shehzad et al. [36] have studied heat and mass transfer analysis combined with Soret and Dufour effects in boundary layer flow of Jeffrey fluid with convective thermal condition. Mabood et al. [17] reported on steady two-dimensional hydromagnetic mixed convective heat and mass transfer flow of a micropolar fluid over a stretching sheet embedded in a non-Darcian porous medium with thermal radiation and non-uniform heat source/sink.
Nanofluids are innovative coolants with more effective cooling properties compared to the conventional fluids such as water and oil. Unfortunately the viscosity of the nanofluid is higher than the base fluid. Thus viscosity affects directly the pressure drop and pumping consumption of the system. Greater thermal conductivity, excellent stability and negligible increasing pressure loss are some important characteristics of nanofluids that are mentioned in the literature. One can find a large number of works on different aspects of the nanofluids such as their thermal conductivity ( [22] , [9] ), dynamic viscosity ( [25] , [8] ), and thermal expansion [24] . An exponential increase in the number of experimental works on applications of nanofluids in forced convection regimes is observed in the recent years. Wen and Ding [38] conducted an experiment on convective heat transfer of alumina-water nanofluids through a copper tube in laminar flow regime. Pak and Cho [26] experimentally investigated the flow behavior and convective heat transfer of T iO 2 and Al 2 O 3 water based nanofluids through a horizontal tube. They have presented the first regression correlation to predict nanofluid Nusselt number which is independent of nanoparticles solid volume fraction. An experimental study of Copper-water nanofluids in a straight tube with constant heat flux wall and convective heat transfer has been reported by Xuan and Li [39] . Their funding showed that the heat transfer rate of nanofluid is greater than pure water.
In the support of experimental work, Sheikholeslami and Ganji [37] theoretically investigated the heat transfer of Cu-water nanofluid flow which is squeezed between parallel plates. Elazem et al. [7] have numerically investigated the effect of radiation on the steady MHD flow and heat transfer of Cu-water and Ag-water nanofluids over a stretching sheet. Khare [16] reported the partial slip effect on MHD flow and heat transfer of Ag-water nanofluid over a stretching sheet. Recently, Hedayati et al. [14] show the effects of nanoparticle migration and asymmetric heating on the forced convective heat transfer of Al 2 O 3 -water nanofluid in microchannels. The natural convection in an open cavity with non uniform thermal boundary condition and the cavity is filled with Al 2 O 3 -water nanofluid in the presence of magnetic field and heat generation or absorption was investigated by Mahmoud [18] .
The study of the flow of dusty fluid has important applications in the fields of fluidization, combustion, in cooling systems, centrifugal separation of matter from fluid, petroleum industry, and purification of crude oil, electrostatic precipitation, polymer technology and fluid droplets sprays. Initially, Saffman [32] described the fluid-particle system and obtained the equation of motion for fluid carrying the dust particles. The heat transfer effects on dusty gas flow past a semiinfinite isothermal inclined plate was analyzed by Palani and Ganesan [27] . Nandkeolyar et al. [23] considered the natural convection boundary layer flow of a viscous, incompressible, and electrically conducting dusty fluid past an impulsively moving vertical plate with ramped temperature in the presence of thermal radiation and transverse magnetic field. The problem of two-dimensional mixed convective flow a dusty fluid over a stretching sheet in the presence of thermal radiation and space dependent heat source/sink was investigated by Gireesha et al. [10] . Recenty, Gorla et al. [11] studied the effect of non-uniform heat source/sink and viscous dissipation on hydromagnetic fluid flow and heat transfer of nanofluid with fluid particle suspension over an exponential stretching sheet.
Convective heat transfer mobilized substantial interest owing to its importance in industrial and environmental technologies including energy storage, gas turbines, nuclear plants, rocket propulsion, geothermal reservoirs, and photovoltaic panels etc. Recently, Ishak [15] reported the steady laminar boundary layer flow over a permeable flat plate with convective boundary conditions. The effect of thermal buoyancy along a stationary vertical plate with a uniform free stream flow were studied by Makinde and Olanrewaju [19] . Bég et al. [1] studied the mixed magneto-convective flow of an electrically conducting flow along a moving radiating vertical flat plate with hydrodynamic slip and thermal convective boundary conditions. Ramesha and Gireesha [30] examined the heat source/sink effects on the steady boundary layer flow of a Maxwell fluid over a stretching sheet with convective boundary condition in the presence of nanoparticles. The effects of slip and convective heat boundary conditions on steady two dimensional boundary layer flow of a nanofluid over a stretching sheet in the presence of blowing/suction was reported by Malvandi et al. [20] .
In the above mentioned studies, some of (see [7] , [23] and [10] ) were confined to the linear approximation for the radiative heat transfer effects which are valid for small temperature differences. It is difficult to construct a system in scientific and engineering applications in which the working fluids will have a small temperature differences. Therefore, the heat transfer with nonlinear radiation has been recently presented by some researchers. The Sakiadis flow with nonlinear Rosseland thermal radiation was considerd by Pantokratoras and Fang [28] . Unlike, small temperature difference within the fluid, they have assumed large temperature differences. Cortell [4] numerically explored the radiation effect on fluid flow and heat transfer over a stretching sheet using nonlinear Rosseland approximation. Hayat et al. [13] analyzed the nonlinear thermal radiation effect on magnetohydrodynamic three-dimensional flow of couple stress nanofluid in the presence of thermophoresis and Brownian motion. Recently, Prasannakumara et al. [29] investigated the effects of chemical reaction and thermal radiation on Williamson nanofluid slip flow over a stretching sheet using nonlinear Rosseland approximation.
The present study aims to investigate the effects of nonuniform heat source/sink, nonlinear thermal radiation and Biot number on dusty fluid containing Ag-water nanoparticles over a stretching sheet. The governing equations of the flow are solved numerically using the Runge-Kutta-Fehlberg fourth-fifth order method along with the shooting technique. Effect of governing parameters on velocity, temperature, friction factor and Nusselt number is discussed with the aid of presented graphs. Comparison of the obtained results are made with the existing results.
Mathematical formulation
Consider a steady, laminar, two-dimensional boundary layer flow and heat transfer of an incompressible dusty fluid combined with Ag nanoparticles past a stretching sheet. The sheet coincides with the plane y = 0 and the flow is confined to y > 0. The flow is generated due to linear stretching of the sheet caused by the simultaneous applications of two equal and opposite forces along the x-axis as shown in the Figure 1 (see Appendix 2) . A uniform magnetic field B 0 is assumed to be applied in the y-direction. Keeping the origin fixed, the sheet is then stretched with a velocity U w (x) = bx where b > 0 is the stretching rate and x is the coordinate measured along the stretching surface, varying linearly with a distance from the slit. The ambient fluid temperature is a constant T ∞ . The sheet surface temperature is maintained by convective heat transfer at a certain value T f , which is to be determined later. The fluid is a water based dusty fluid containing Ag nanoparticles. The nanoparticles are assumed to have a uniform shape and size. Moreover, it is assumed that both the fluid phase and nanoparticles are in thermal equilibrium state.
Under usual boundary layer approximations, the flow governing equations of nanofluid phase and dust phase are given by
where x and y respectively represent coordinate axes along the continuous surface in the direction of motion and perpendicular to it. Here (u, v) and (u p , v p ) denote the velocity components of the nanofluid and dust phases along the x and y directions, respectively, N is the number density of dust particle, K = 6πµ nf r is the Stokes drag constant, r is the radius of dust particle, σ is the electrical conductivity, m is the mass concentration of dust particles, ρ nf is the effective density of nanofluid, µ nf is the effective dynamic viscosity of nanofluid which are given by (see [34] )
where φ is the solid volume fraction of nanofluid, ρ f is the density of base fluid, ρ s is the density of the nanoparticle, and µ f is the dynamic viscosity of the base fluid. In equations (2.5) and (2.6), T and T p represent the temperatures of the fluid and dust particle inside the boundary layer, c pf and c mf are the specific heat of the fluid and dust particles, τ T is the thermal equilibrium time, i.e., the time required by a dust cloud to adjust its temperature to that of the fluid, τ v is the relaxation time of the dust particle, that is, the time required by a dust particle to adjust its velocity relative to the fluid, k nf is the thermal conductivity, and (ρc p ) nf is heat capacity of the nanofluid, which are given by (see [34] )
where (ρc p ) f is the heat capacity of the base fluid, (ρc p ) s is the heat capacity of the nanoparticle, k f is the thermal conductivity of the base fluid, and k s is the thermal conductivity of nanoparticle. The corresponding boundary conditions are given by
Here q is the space and temperature dependent internal heat generation/absorption (non uniform heat source/sink) which can be expressed as
where T f and T ∞ denote the temperature at the wall and at large distance from the wall, respectively, A 1 and B 1 are the parameters of the space and temperature dependent internal heat generation/absorption. It is to be noted that A 1 and B 1 are positive to internal heat source and negative to internal heat sink. Unlike the linearized Rosseland approximation, we use nonlinear Rosseland diffusion approximation from which one can obtain results for both small and large differences between T f and T ∞ .
Using Rosseland (see [31] , [35] ) approximation for radiation, the radiative heat flux q r is simplified as
where σ * is the Stefan-Boltzmann constant and k * is the mean absorption coefficient. Now after simplification, equation (2.5) takes the form
To convert the governing equations into a set of similarity equations, introduce the following similarity transformation:
T∞ , θ w > 1, the temperature ratio parameter. Making use of the transformations (2.14), equations (2.1) and (2.3) are identically satisfied and equations (2.2), (2.4), (2.6), and (2.13) take the form
The corresponding boundary conditions will take the following form:
Here a prime denotes differentiation with respect to η, the number l = mN/ρ f is the mass concentration of particles, τ v = m/K is the relaxation time of the dust particle, β v = 1/τ v b is the fluid-particle interaction parameter for velocity, M = The physical quantities of interest are the skin friction coefficient (C f x ) and the local Nusselt number (N u x ), which are defined as 19) where the surface shear stress τ w and the surface heat flux q w are given by τ w = µ f ∂u ∂y and q w = −k nf ∂T ∂y + (q r )w at y = 0, (2.20)
with µ nf and k nf being the dynamic viscosity and thermal conductivity of the nanofluids, respectively. Using the similarity transformations from (2.13), we obtain
where Re =
is the Reynolds number.
Numerical procedure
The resultant ordinary differential equations are coupled and nonlinear in nature, therefore, a closed-form solution may not be possible. Thus, the RKF-45 method with the shooting technique is used in the present study to solve the boundary-layer equations (2.14)-(2.17) when subjected to the boundary conditions equation (2.18). The shooting technique is an iterative algorithm that attempts to identify appropriate initial conditions for a relevant initial value problem that provides the solution to the original boundary value problem. The shooting method is based on Maple implementation "shoot" and its detailed procedure can be found in Meade et al. [21] . This algorithm is proven to be precise and accurate, and it has been successfully used to solve a wide range of nonlinear problems in transport phenomena, especially flow and heat transfer problems. In this study, the relative error tolerance to 10 −6 is considered. The asymptotic boundary conditions at η ∞ are replaced by η 6 , in accordance with f η max = f η max = θη max = 0, where η max is a sufficiently large value of η at which the boundary conditions (2.18) are asymptotically satisfied. The thermo physical properties of water and Ag nanoparticle are shown in Table I 
Results and discussion
MHD flow and heat transfer of dusty fluid with Ag-water nanoparticles in the presence of nonlinear thermal radiation and nonuniform heat source/sink over a stretching surface with convective boundary condition have been studied. The purpose of this section is to analyze the effects of various physical parameters such as magnetic parameter (M ), fluid particle interaction parameter for velocity (β v ), solid volume fraction parameter (φ), mass concentration particle parameter (l), radiation parameter (N r), temperature ratio parameter (θ w ), Biot number (B i ), Eckert number (Ec), Prandtl number (P r), and heat source/sink parameters (A 1 and B 1 ) on the velocities and temperature fields as well as skin friction coefficient and local Nusselt number profiles. Therefore, for such objective, Tables IV and V. Figures 2 and 3 illustrate the influence of the magnetic parameter (M ) on the velocity and temperature profiles in the boundary layer, respectively. An application of a transverse magnetic field to an electrically conducting fluid gives rise to a resistive-type force called the Lorentz force. This force has the tendency to slow down the motion of the fluid in the boundary layer and to increase its temperature. Also, the effects on the flow and thermal fields become more so as the strength of the magnetic field increases.
The variation of velocity and temperature profiles with η for different values of the nanofluid interaction parameter for velocity (β v ) for both nanofluid and dust phases are illustrated in Figures 4 and 5 , respectively. It is noticed from these figures that the velocity profiles decrease with increasing values of β v for nanofluid phase and increase for dust phase in the boundary layer.
The increasing values of β v reduce the velocity f (η) and thereby increase the boundary layer thickness. For increasing values of β v the temperature profile increases for both the phases and also one can observed that nanofluid phase temperature is higher than that of dust phase, which is shown in Figure 5 .
The effect of mass concentration of particle parameter (l) for both nanofluid and dust phase of velocity and temperature profile are depicted in Figures 6 and 7 . From these plots, we observed that, an increase in mass concentration of particles, the velocity profile increases and temperature profile decreases for both of the phases. Moreover, it is interesting to note that the value l = 0 corresponds to the ordinary viscous nanofluid.
The effect of nanoparticle volume fraction parameter (φ) on velocity and temperature profiles for both nano fluid and dust phases are, respectively, illustrated graphically through Figures 8 and 9 . From these figures, it is observed that as the volume fraction of nanoparticles increases from 0 to 0.2, velocity profile for both nanofluid and dust phase decreases inside the boundary layer and temperature profile increases for both of the phases. Figures 10 and 11 show the temperature profiles θ(η) and θ p (η) versus η for different values of A 1 and B 1 . From these plots it is evident that increase in A 1 [A 1 > 0 (heat source)] results in the enhancement of both fluid and dust phase temperature, whereas A 1 < 0 (heat sink) leads to decrease in the thermal boundary layer. It is due to the fact that for A 1 > 0, the thermal boundary layer generates the energy and obviously energy is absorbed for decreasing values of A 1 resulting in temperature dropping significantly near the boundary layer. The similar effect is observed from the Figure 11 for the effect of temperature-dependent heat source/sink parameter B 1 . Figure 12 represents the effect of radiation parameter (N r) on temperature profiles for both nanofluid and dust phases. Numerically increasing the radiation parameter enhances the heat transfer, physically increasing the radiation parameter produces a significant increase in the thickness of thermal boundary layer. In fact, the radiation parameter decreases the fluid temperature. This is because as the radiation parameter increases, the mean Rosseland absorption co-efficient k * decreases (for some thermal conductivity k nf ). Hence the thermal radiation factor is better suitable for cooling process. Figure 13 illustrates the effect of temperature ratio parameter (θ w ) on temperature profile for both nanofluid and dust phases. We noticed that the increase in temperature ratio parameter increases the thermal state of the fluid, resulting in increase temperature profiles. Physically, the fluid temperature is much higher than the ambient temperature for increasing values of (θ w ), which increases the thermal state of the fluid.
In Figure 14 , the variation of temperature θ(η) and θ p (η) with η for various values of the Biot number (B i ) is presented. It is observed that temperature fields θ(η) and θ p (η) increase rapidly near the boundary by increasing Biot number. This is because of convective heat exchange at the plate surface leading to an increase in thermal boundary layer thickness. Figure 15 is plotted for the temperature distribution for different values of Eckert number (Ec). Here the temperature of both nanofluid and dust phase increases with the increase in the value of Ec. It is because the heat energy is stored in the liquid due to frictional heating and this is true in the both cases.
The temperature profile for various values of Prandtl number (P r) is plotted for both nanofluid and dust phases in Figure 16 . From this figure it reveals that the temperature decreases with the increase in the value of P r. Physically an enhancement in the Prandtl number corresponds to weaker thermal diffusivity. It is a well-known fact that the fluids with weaker thermal diffusivity have lower temperature. Such weaker thermal diffusivity shows a reduction in the temperature and thermal boundary layer thickness. Hence Prandtl number can be used to increase the rate of cooling. Figure 17 depicts the Nusselt number effect on various values of solid volume fraction parameter (φ) versus magnetic parameter (M ). From this plot we observed that the temperature gradient increases for increasing values of (φ). Similarly, the different values of radiation parameter (N r) versus Biot number (B i ) of Nusselt number for linear and nonlinear Rosseland approximation are illustrated in Figure 18 . Here, the Nusselt number increases for increasing values of N r.
Conclusions
A mathematical analysis has been carried out to study the effects of nonlinear radiation, nonuniform heat source/sink and Biot number on hydromagnetic flow and heat transfer of dusty fluid over a stretching sheet combined with Ag-water nanoparticle. Some of the important observations of our analysis obtained by the graphical representation are reported as follows.
• The effect of magnetic parameter is to increase the temperature distribution in the flow region for both nanofluid and dust particle phases.
• The velocity of nanofluid and dust phases decreases while the temperature of nanofluid and dust phases increases as φ increases. • The mass concentration particle parameter increases the velocity and decreases the temperature profiles in the flow region for both nanofluid and dust phases.
• The temperature of nanofluid and dust phases increases with increasing values of N r, θ w , Ec, and B i .
• Temperature of nanofluid and dust phase decreases with increasing values of P r.
• For silver (Ag) nanoparticles, the thermal conductivity is higher than other particles.
• The nanofluid phase temperature is higher than that of the dust phase.
• It is found that the dusty fluids with Ag nanoparticles have the appreciable cooling performance. 
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